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@perations.on Viapss

ANEpY. is a combinatorial representation of a closed
SUIHiCCE:"

SRSEVEral operations on a map allow its transformation
EENTILO ew maps (convex polyhedra).
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— 'Platonlc polyhedra: Tetrahedron, Cube, Octahedron,
- Dodecahedron and Icosahedron

1. Pisanski, T.; Randi¢, M. Bridges between Geometry and Graph Theory.
In: Geometry at Work, M. A. A. Notes, 2000, 53, 174-194
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= EYSIecrem, 0n Polyhedré

AVAIEN/ NGNS transiiorms by map operations will E)béy the Eulér theorem?
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% — Euler’s characteristic

V. = number of vertices,

e = number of edges,

i number of faces,

g = genus; (g =0 for asphere; 1 for a torus).

1. L. Euler, Elementa doctrinae solidorum, Novi Comment. Acad. Sci. 1. Petropolitanae
1758, 4, 109-140.
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Dizalizziior) i) of d mapk put d POINE In: the center of

BN ECEN 1Y/ BTV ORIGIRESHiFthElFCoriEsponding
igeEsisiiarie a common edde. The transformed map is
scllEathe (Poeincare) aua/ D (M.

_' HeVertices of Du (M) represent faces in Mand vice-
= rsa Ihe following relations exist:
= puM): v=f
= e= g,
f =y
e Pual of the dual recovers the map itself:
Pu(PLu(M)) =M
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examples

Du(Tetrahedron) = Tetrahedron
Octaneadron

Octahedron
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bu(Dodecahedron) = |cesahedron

Plzitorlle se)llels

:
Doclaczipidalgely Icosahedron

Dual of a triangulation is always a cubic net.
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Sl YEl prejection

A QOjection Of a sphere-like polyhedron
o;_.f plane is called a Schlegel diagram.
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__-_'.Iln d polyhedron, the center of diagram is
taken either a vertex, the center of an
edge or the center of a face




and its dual, Octahedifon
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g

A Octearneacdror
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SN 211 /e s achieved as fiellows:

. ——

IEN eV VErtices are the midpoeints of the original edges. Join two
vert]vu [ifthe original edges span an angle (and are consecutive).

BYENTYY) s a 4-valent graph

: —' SWEVD = Me (Du (M)).

&~ Me (M): Vv = ¢,
e =2¢,
f=7r,+ v,

® /I/e operation rotates parent s -gonal faces by 7/ s.




— el




_— -"M
Sy cation

SN CEe I Asrachevediby clutting efithe
HEIHYEO0MH Off each  Vertex by a plane clese to the

VEtEXeSUCH that It Intersects each edge incident to the
VETLEX.

PR seaLion is related to the medial, with the main

> difierence that eachi old edge will generate three new

B EEdes in the truncated map. The transformed

e ——
= —palameters are:
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INEZeN, Example

i (7). always genera

[r (Ocitanedrorn)
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leoszriacron




& Rolygonal i=; CappIagas s

SN GIPIIION 2 NE=Bpns)ofiaNacensiachievediasifollowsst
SN LRENICWAVEREX 1N thEr center off the face. Put s -3/ points on the
poundary edeges;

SINOONEGH the central point with one vertex (the end points included)
of) =zlef) Sefe[r

2 '_arent face is thus covered by: trigons (s = 3),
P tetragons (s = 4)
== pentagons (s = 5).
e /% operation is also called ste//ation or

(centered) triangulation.

e \When all the faces of a map are thus operated, it is referred to as
an omnicapping ~. operation.

1. M. V. Diudea, Covering forms in nanostructures, Forma 2004 (submitted)
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Trig rasiltirle) =l snows e ralztions:

P (M ): V=V, +(s—-3)e, + f,
e =Se, ;e=sof0+(s—2)e0 = S€,
f=s,f,

Mzlos transiorirad s slnove formr difzl Dairs
Du(P;(M)) =Le(M)

= Du(P, (M) = Me(Me(M))
Du(P;(M)) =Sn(M)
Verte multiplication ratlo Y s dualization 15 =lwelys:

v(Du)/v, =d,

v(Du) = f (P, (M)) =S, fo = oV,
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N Cappinge= Triangilation

I

2 (Dadeczrizdror)
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MO APPIAg = Telranguiatioie:
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Fi(Dadeczriedror))

1. Catalan objects (ie., duals of the Archimedean solids).
2. B. de La Vaissiere, P. W. Fowler, and M. Deza, J. Chem. Inf. Comput. Sci.,
2001, 41, 376-386.
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A (Dadecargdror))

1. For other operation names see www.georgehart.com\virtual-polyhedra
\conway_notation.htmi
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el .S5/7 (M)

BB (e (Me (M))) = Bu(Ps (M))

vvhgr "bg IS the Inscribing diagonals in the tetragons

B esulted by /e (Ve (M)).!

== “EFhe tiue dual of the snub is the P.(M) transform.?

1. T. Pisanski and M. Randi¢, in Geometry at Work, M. A. A. Notes, 2000, 53, 174-194.
2. M. V. Diudea, Forma, 2004 (submitted).
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513 (V]9 scontinued

Stigglleidter theeEdicl operation,

;'n (W) = Sn (Du (M)).
J'm S'e W= T, the snub Sn (M) = 1.

‘fl':ITer transformed parameters are:

= SIHAI): V=51 = qV
e=>5 g
f= 1w+ 2e + i
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PEIELENNE edges of the triangletoining any: three parent faces
i igndler=Jelitimace)itorehiainz eV

1. Archimedeans, B. de La Vaissiere, P. W. Fowler, and M. Deza,
J. Chem. Inf. Comput. Sci., 2001, 41, 376-386.
2. M. V. Diudea, Forma, 2004 (submitted).
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2RO A= riplings

Lezaofroc e

S a omp05|te operation that can be achieved in two ways:

. _'_(M) = PUP(M)) = Tr (Du (M))

: _-_%—Ze (V') is always a trivalent graph.

Within the leapfrog process, the dualization is made on the
omnicapped map. Lerotates the parent s-gonal faces by 7/ s.

1. P. W. Fowler, How unusual is C4,? Magic numbers for carbon clusters.
Chem. Phys. Lett. 1986, 131, 444-450.




M P3(M) Du (P3 (M))



Du (P3 (M))
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NWVASEeNG = redllar graph), them:
> ThHe [ bEr Of Vertices i Le (M) is dj times
ErEr thian) i the original map I, irrespective
RO tE tessellation type.

r _.-1-'-_.-.4:\-
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%%monstratlon observe that for each vertex v, of /,

d;new vertices result in Le (M), thus:

V/Vy = doVo/Vy = dg




T~
Le (W) (Eeinie)

RElceRSHnRM e RanSTORRIECNNARIALE:

' = SR
f fot v,

J— E=xamples:

Le (Dodecahedron) =
/r=(lcosahedron) = C,,

Icosahedron = Du (Dodecahedron).
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SCE examples




Inner

omnicap dual
— —

P3

Hexahedron
Cs

1. J. R. Dias, From benzenoid hydrocarbons to fullerene carbons.

MATCH,Commun. Math. Chem. Comput. , 1996, 33, 57-85.



circumscribe
q

Le(hexahedron)







old faces

Serand 6elieldMfiaces

1. J. R. Dias, From benzenoid hydrocarbons to fullerene carbons.
Commun. Math. Chem. Comput. (MATCH), 1996, 33, 57-85.
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Hetro=-Lazlegjgee 3

P;(M,;) =Du(Le(M,)); M, = P_3(|\/|_1')

slitlVertices with degree lower than the maximal one, to get My

D (Le(Cy)r = 57




reiro=-Lazlgigee

_—

P;(M;) =Du(Le(M,)); My=P;(M,)

shiRcliNVERtICESWWIthrdEgIrEe IowWer than the maximal one; to get /N7,

=3

La (M (C) N = 48 oy (La(M2(C))
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Hetro=-Lazlegjgee

- -

P;(M;) =Du(Le(M,)); My=P;(M,)

sHiclINVErRtICESWIthIdEQIrEE IoWeEr than the maximal one; to get /N7,

Dy (Le (112 (C)) AC, N = 20 Cugegctanadron = Me (C ), N = 12
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6. Odzieleerdliciel. O C14)

J -fnfering = Edge Truncation

BRCLDIS £ (777(P(M)

o —

_‘; o Joperation leaves the initial

F:
-""F-

orientation of the polygonal faces.
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ORNOAVYS

SN IIENErEX mulbplicaton. ratio i O ) /s
o, ,: Irespective or the tiling type or V.

ERPEERSHation: observe that for each vertex v, in /M
= 'f--a"esu|ts g new vertices in Q.(/M) and the old vertices are

"'""1—- _—'--_
= g
T ——

= preserved.

Thus: v=aqw + v
Viive = (qp+1) /vy = gp+1




- -

pAvy/SN(continued)
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SENENSIONMEd parameters are:

= (gp 1)V
— 460

= fhte

e [ a 4-valent map, O leads to a non-regular
graph (3- and 4-valent vertices).
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) (Docleczriadron )




Polyhedron

Tetrahedron
Octahedron

e
Icosahedron
Dodecahedron
Truncated tetrahedron
Truncated octahedron
Truncated cube
Truncated icosahedron
Truncated dodecahedron
Cuboctahedron
Icosidodecahedron
Rhombicuboctahedron
Rhombicosidodecahedron
Truncated cuboctahedron
Truncated icosidodecahedron
Snub cube

Snub dodecahedron

Formula

Me(T)

DU(O)=Du(Me(T))

Sn(T)

Du(l) = Du(Sn(T))

Tr(T)

Tr(O) = Tr(Me(T))

Tr(C) = Tr(Du(Me(T )))

Tr(l) = Tr(Sn(T))

Tr(D) = Tr(Du(Sn(T)))

Me(C) = Me(O)= Me(Me(T))

Me(l) = Me(D) = Me(Sn(T))

Me(CO) = Me(Me(C)) = Du(P,(C))
Me(ID) = Me(Me(1)) = Du(P,(l))
Tr(CO) = Tr(Me(Me(T )))

Tr(ID) = Tr(Me(Sn(T)))

Sn(C) = Du(P5(C)) = Du(Op(Ca(C)))
Sn(D) = Du(P5(D)) = Du(Op(Ca(D)))

PlatoniclandyAYehmedean polyhedra (derived from Tetrahedren)

s




